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THE RELATIONSHIP OF THE GMERATORS OF A GROUP TO THE ORDER OF THE GROUP
Group theoiy has a long and idch history. The origins of group theory
are old. Work in this area was first done by Euler (1707-83), Lagrange (1736-
1813), Guass (1777-1855), Cauchy (1789-1857), Abel (1802-29), and Galois
(1811-32).
The golden age of the theory of finite groups came at the end of the last
century and the first decade of the present. During this period the fundamental
directions of results of the theory were obtained, the fundamental directions
of research were laid down, and the f\andamental methods were created. The theory
of finite groups, acquired at that time, possessed the essential features it has
at the present.
Definition 1»— A group G is a non-empty collection of elements on which
there is defined an operation which obeys the following four postulates:
1, For a, b t G, a * b £ Gj
2, For any a, b, c £, G, (a • b) • c = a • (b • c);
3, For each a£ G, 3e £,GPe»a = a»e = aj
1-1 -1
A, For each a£G, da £Gra •a = a*a — e.
Remark: The operation in G need not be commutative.
Definition 2,— If the operation defined on G is commutative, then G is
called a commutative or an abelian group.
Definition 3.— If the commutative low holds for any two elements a and
b of an arbitrary group G, then a and b are said to be permutable.
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Definition 4«— A group is finite if it consists of a finite number of
elements, otherwise, the group is infinite. The order of the group is the num¬
ber of elements in the group,
Definitial 5.— A group is cyclic if there exists an a £, G such that G =
t a"] , where [^a] denotes the set of elements a , n > o, and (a ) , n > o. In
this sense fa] consists of the integral powers of the element a,
Subgroup-Definition 6.— A subset S of a group G is called a subgroup of
G if S is a group with respect to the original operation of G,
The determination of all the subgroups of a specified finite group G is
most efficiently handled by considering the group elements piirely abstractly.
The usual procedure is to observe first, that if a subgroup S of G contains an
element a it also contains the cyclic subgroup [ a] consisting of all the powers
of a. Next, observe that any other subgroup must contain not only two cyclic
subgroups [ a 7 and [ b 3 > but also the set [[ a,b ] of all products such as
2 -3
a b a of powers of a and b. This procedure gives us the remaining subgroups.
In general, we have to test ftirther for subgroups £ a,b,c} generated by three
or more elements; but subgroups generated by three or more elements never occur
unless the number cf elements in the group is a product of at least four primes^
[1, Ul].
Generator!of a Group-Definition 7.— A set of generators of a group G is
a subset S of G such that each member of G can be represented, using the group
operations, in terms of manbers of S, repetitions of the members of S being
allowed. The generators of a cyclic group is an element whose powers exhaust
the group.
Definition 8.— A free group is a group with a set of generators such that
no product of generators and inverses of generators is equal to the identity
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unless it can be vrritten as a product of an expression of the type a • a ,
Examples of Groups,— (i) R+, the totality of real numbers, addition as
composition. The number zero is the identity and the inverse of a is -a.
All the elements of the group except zero, are of infinite order,
(ii) C+, the set of complex numbers, addition as canposition,
(iii) R *, the set of non-zero real numbers, m\iltiplication as the composition.
The real number one is the identity and the inverse of a is the usual reci-
proal a
(iv) the set of positive real numbers, ordinary multiplication the operation,
(v) C , the set of non-zero complex numbers, vdth miiltiplication as the opera¬
tion,
i 9(vi) U, the set of complex numbers & of absolute value 1, multiplication as
the operation,
(vii) Un, the n complex Nth roots of xmity, under miilti pHcation,
(viii) The totality of rotations about a point 0 in the plane with the resultant
as composition. If 0 is taken to be the origin, then the rotation through an
angle © can be represented analytically as the mapping.
(x, y) —^ (x', y*)> where
x' = X cos © - Y sin 0 , Y' = x sin 0 + Y cos 6,
If © = 0, we get the identity transformation and this acts as the identity in
the set of rotations. The inverse of the rotation through the angle 0 is the
rotation through the angle - 0 ,
(ix) The set of vectors in the plane, vector addition as composition. Analy¬
tically a vector may be represented as a pair of real numbers (a, b), These
are the x- and y- coordinates of the vector respectively. If V = (a, b) and
V = (a', b')> the iisual vector addition gives
V + V = (a + a', b + b').
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The zero vector, 0 = (o, o), acts as the identity and the inverse of V is
-V = ( -a, -b).
The Order of Element s-Definit ion 7.— The order of an element a in a group
m
is the least positive integer m such that a = ej if no positive power of a
equals the identity e than a has order infinity.
Let M be any non-vacuous subset of a group G and let h ^ be the collec¬
tion of subgroups of G that contains the set M, The collection { h ^ contaiins
G, hence it is not vacuous. Its intersecticxi Ah is a subgroup of G, We
denote this subgroup as CM3 and shall call it the subgroup of G generated
by the set M, The set [.M"] has the following properties:
(1) [M3 is a subgroup of G;
(2)
(3) If h is any subgroup of G containing M, then h 2. [m3 .
These properties also characterize [ M 3 • Lsi R be a subset of G satisfying
(l), (2), and (3) for H, Then R is a subgroup ccntaining M, R 2. LM 3 . By
synmetry [M] 2 R. Hence, R = [ M] ,
We can use this characteilzation to obtain explicitly the elements of[M3 •
We assert that these are just the finite products A, . Aj_,,,.,An(N arbi¬
trary) where ai £ M or ai is the inverse of an element of M, Let R denote the
collect!cai of these products. Then it is immediate that R is a subgroup of G
containing M, Let h be a subgroup of G, Then h contains every aeM and a
with a in M. Hence, h contains R, Thus R satisfies (l), (2), and (3) and
therefore R = [ M 3 •
r , k
Theorem 1.— Let [M3 = la3 > where a is of order n. If a = l, then
k must be divisible by n.
Proof: Let M =[a] be a cyclic group. Then [.M] = [a], where [ a] consists
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n “1 ^
of the elements a", n o, 1 and (a ) , n o.
Suppose among these powers of a 3
a = a for k 1
k-1
which is true in the case of the finite groups. If k > 1, then a =1,
so that 3 (l) a*^ =1, n > o and n is the least positive power to satisfy
k
this condition; (2) if a = 1, k > o, then k ^ n. In this case, a is an
element of finite order, ie of order n. If a is of order n, then all
elements 1, a, aP-,, are easily seen to be distinct. Every other
power of a, positive or negative is equal to one of these elements. For if
k = nq+r, o ^ rtin then
k , n^q r ^ _r
a = ( a a * a ,
Thiis G is a finite group of order n, Q, E, D,
Every group has one and only one element of order 1, namely' the element
1, [3> 3471. The inverse of an element a of finite order n is the element
All elements of a finite group are of finite order. There are groups,
however, in which the order of all the elements, except the idintity element,
are infinite.
Example: The set of integers with respect to addition forms a group. By the
axiom of induction, a set of positive integers that contains 1 and that is
closed under addition contains all the positive integers. If 1+ denotes this
set, then 1+ = f I*] , It is clear also that 1+ = 11 -l1 and that 1 j^^k^ if
k ^ 1, -1, The only generators of this group are 1 and -1, The order of the
elements of this group is infinite with the exception of the element zero, which
is of finite order
CHAPTER II
DECCMPOSITION OF GROUPS
Many groups are contained in larger groups. Thus, the group of rotations
of the square is a part of the group of symmetries of the square. The group of
the eight permutations of the vertices of the square induced by symmetries is
a part of the group of all 4! = 24 permutations of these vertices. These
examples suggest some decompositions of groups.
Proper Subgroups-Definition 1,— If H is a subgroup of G and e. CS H CG,
then H is a proper subgroup of G,
Theorem 1,~ A non-empty subset S of G is a subgroup of G if and only if
(i) a and b e. S ^7 a • b 6. S
(ii) a £ S a"^ £. S ^2, 1391
Proof;
1, S is closed (a • b fi S)j
2, a * (b • c) = (a • b) • c
3, a £ S '=s>a’’^ £ 3;
-1 -1
4, e exist, for a E S •*=•> a 6,3 ■=> a * a = e 6. 3
3ince 1-4 holds, 3 must be a subgroup of G,
Theorem 2,— A finite group G can be decomposed according to a subgroup H
as G={H + rH+sH+ +wH)
Proof; Let H be a proper subgroup of a finite group G, Then there exists an
element r of G which does not belong to H,




rH = { re, ra, rb, rc, rp},.
It can be easily seen that rH and H are disjoint. Suppose H + rH = G, if not,
i stQ^ a in, - 3^ rH,
Then we consider
sH = { se, sa, sc, , s, similarly H, rH, and
sH are mutually disjoint. Suppose
H + rH + g)H = G, if not, we can find another element
t, t e G, t(t H, t ^ rH and t^ sH,
Then we consider
tH = { te, ta, tb, tc, ^ similarly H, rH, sH, and tH
are mutually disjoint. However, this process must end since G contains only a
finite nvanber of elements.
Theorem 3.— (Lagrange): The order of a finite group G is a multiple of
the order of every one of its subgroups, [ 1, 143 1 .
Proof: Let H be a subgroup of G, Suppose H has 1 elements. Then rH also has
1 elements, sH, .... , wH also have 1 elements. The total number of elements =
1 + 1 + ... + 1 = kl. This is a multiple of 1,
F.ifflmpie: Q«
Let G = { e, a, b, c, d, f j and let the multiplication in G be defined
by the following table:
iSi a b c d f
e e a b c d f
a a e d f b c
b b f e d c a
c c d f e a b
d d c a b f e
f f b c a e d
We can check that this set G forms a group.
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A3 = { e, d, is a subgroup of G,
^2 ~ { also a subgroup of G,
G' = f e, b \ , G" = fe, cJi and E = f are all subgroups of G,
Now we decompose G according to A^.
A3 = f e, d, f !
^3 ~ af ^ = {a, b, c ^
G = A^ + aA^ = { e, d, f ] + { a, b, c ^
= e, d, f, a, b, c }
We can also decompose G according to subgroup G2.
b G^ = {b, fi
c Gg = { c, di.
Then
G = {e, a] + {b, fi + [c, d }
similarly.
- “2 + bG2 + c G2,
G = a-. + a G* +2 c G2
G = G"2 + a G"2 + c G"2
If G is decomposed according to [ e i , we get
G = (ei + {ai + {bj + {c] + {d\ + [f] .
The subgroup A^ has 3 elements G has 6 elements and 6 is a multiple of 3» The
subgroup has 2 elements and G has 6, and 6 is a multiple of 2, All the
cosets of G contain the same number of elements. The cosets are all disjoint
except the cosets that are subgroups.
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A method to check that A, is a subgroup;
= f e, d, f j
and we know
e d' f
e e d f
d d f e
f f e d
which forms an Abelian group, hence, A^ is a subgroup of G,
Each element a of G generates a cyclic subgroup, whose order is simply the
order of a. Therefore, we have
Corollary 1.— Every element of a finite group G is a multiple of the order
of every one of its subgroups^ [2, 1431
Corollary 2.— Every group G of prime order p is eyeHe,
Proof: The cyclic subgroup A generated by any element a ^ e is such a group
and has order n, n > 1 dividing p. But this implies n = p, and so G = A
is cyclic.
Definition 2,— The degree of a cyclic permutation is the number of elements
in the set.
Theorem 4,— (Cayley); Every finite group of order n is isomorphic to a
subgroup of the symmetric group of degree n^ [ 8, 561 .
Proof; Let G be a group of order n, and let the elements of G, written in a
definite order, be
^1# ^2* n'
If b is an arbitrary elemoit of G, then all the products
apij
are distinct, so that the system
•••• %
3.J b “* s (i 1,2, ••••n) (1)
(2)
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also contains all the elonents of G and differs from (l) only in the order of
the elements. We now associate with each element b the permutation
/I 2 .... n \ (3)
^2 • • • • /in J
To every element of G there corresponds in this way a well defined permutation
of degree n. Two distinct elements of G give rise to distinct permutations, since
from
aj^ b = a-j^ b'
it would follow that
b = b*,
Let us find the pemutation corresponding to the product be, where c is also an
element of G, If to C there corresponds the permutation
/ /^1 K ^n\ U)
1 ^2 '^n / ^
so that
then from
a^ (be) = a.^ c =
it follows that to the elements be there correspond the
/I 2 n \
permutation
\l^l ^2 fnj
which is the product of the permutation (3) by the permutation (4)* Thus we have
proved that G is mapped isomorphically into the group Sn,
From the theorem of Cayley and the statement, a finite giroup has only a
finite number of subgroups, it follows that there exists only a finite number
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of non-isomorphic finite groups of a given order n. Therefore, the set of
finite groups is covintable, since it is the sum of a coxmtable set of finite
sets.
Definition 3.— The set S of generators is independent if no member of S
is in the group generated by the other members of S,
Let H and K be two subgroups of a group G, Consider the intersection of
H and K, HHK cannot be empty, since every subgroup of G contains the element
(l). The intersection is, in fact, a subgroup of G if
D = H n K
is the intersection of the subgroups H and K, and if
1, a, b £. D then a b £ H and ab £ K
-1 “1 -1 -1
2, a , b £. H and a , b £ K
. -1 -1
. . a b £ D and a , b £ D.
Let M be an arbitrary non-empty subset belonging to G, The intersection
of all the subgroups of G that contain elements of M is the subset generated
by the si±)set M and is denoted { M } , It is contained in eveiy subgroup of G
that contains the whole subset M, If the subset M consists of a single element




but these powers also constitute a subgroup, since
m , . n m + n
( a“ ) ( a" ) = a £ fa)
and also the inverse of a^ which is a”*^. Hence, the cyclic subgroup [ a^is
countable if a is an element of infinite order and finite if a is of finite
order, i , e. the order of {a^ is equal to the oMer of a.
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An example of an infinite cyclic group is the additive group of integers
and one of its generators is the number (l); an example of a finite cyclic
group of Ollier n is the multiplicative group of the Nth roots of xmity for
n = 1, 2, .,, The follovdng theorem shows that these examples essentially
exhaust all cyclic groups.
Theorem 5,-~ All infinite cyclic groups are isanorphic; all finite cyclic
groups of a given order n are isomorphic.
Proof: An infinite cyclic group with generator a can be mapped 1-1 onto the
Ic
additive group of integers if we associate with a the number Kj tte isomorphism
of this mapping follows from the fact that in the multiplication of powers of
a the exponents are added, Similarly, we may obtain an isomorphic mapping of
each cyclic group of order n onto the group of the Nth roots of unity.^
Every subgroup of a cyclic group is cyclic. Let G = { a} be a cyclic
group with generator a, of infinite order or of finite order n, let H be a sub-
group of G, H E, and if, the smallest positive power of a £ H is a ,
then
f a^ } H. H,
1 ,
Suppose H contains an element a , 1 ^ o and 1 is not divisible by K, Then if
( k, 1 ) = d, d > o, is the greatest common divisor of k and 1, 3 integers
u and V ^
ku + Iv = dj
H must contain u and v
, k ,u . 1 vV( a ) (a )




^A, G, Kurosh, The Theory of Groups, Chelsea Publishing Company; New York,
1956
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In the infinite cyclic group vd.th generator a, we can also choose a as
a generator; the cyclic subgroup generated by another power of a is not the
whole group. In the cyclic group { a } of order n, we can choose the element
k
a , o 6 k ± n,
as generator if and only if k and n are relatively prime.
If ( k, n ) =1, then j a u and v ^
ku + nv = 1
,, / k vu +1 - nv -uvHence (.a; = a =a,a =a.
If, on the other hand, we have
t a ; “a, for some k, then the difference
of the exponents ks - 1 must be divisible by n, i . e ,
ks -1 = nq
so that
and
ks - nq = 1
( k, n ) =1
If M is an arbitrary subset of a group G, ther^ it is easy to give a rule
by which the elements of the subgroup f M } are formed fran elements of M, The
subgroup M ] must contain the positive and negative powers of all the elements
of M, and hence also all the possible products of any finite number of these
powers taken in an arbitrary order. But all the elements of G can be represented,
possibly in more than one way, as a product of a finite number of powers of the
elements M, Obviously this forms a subgroup of G that contains all the elements
of M, Hence, we have proved that the subgroup generated by a subset M consists
of all the group elements that can be written as products of a finite number of
powers of elements of M,
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If only two subgroups are given, say A and B, then subgroup ^ M J is
denoted by £ A, b} , Hence, we see that the subgroup generated by a set of
subgroups of G consists of all the elements that can be written as products
of a finite number of elements from the given subgroups.
If the subgroup { M } generated in a group G by one of its subsets M
coincides with the group G itself, then the subset M is called a system of
generating elements or simply a system of generators, or a generating set of
the group, A subset M is a system of generators of a group G if and only if
every element of G can be written in at least one way as a product of a finite
number of powers of elements of M,
If
G = { M\
then we call M an irreducible system of generators and no proper subsystem of
M is a syston of generators for G,
Every cyclic group has a system of generators consisting of a single ele¬
ment, namely a generating element of the group. The converse of this is also
true, i , e , every group with one generating element is cyclic. However, in
a cyclic group one can, in general, choose irreducible systems of generators
which consist of more than one element. Thus, for example, the numbers 2 and
3 form an irreducible system of generators for the addition group of integers.
Every permutation of degree n is a product of transpositions. It follows
that one system of generators cf the symmetric group of degree n is the set of
all transformations contained in that group. The symmetric group of degree n
can also be generated by two elements;
Let a = ( 1 2 )
b = ( 1 2 .... n).
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For, b"^ ab^ = ( K + 1, K + 2 ), K ^ n - 2
Now if. i ^ 0-1, then
( j - 1 ) ( i + 2, i + 1 )( i, i + 1 )( i + 1, i + 2)
( j - 1, j ) = ij
so that the subgroup f a, b | contains all the transfoimations and is therefore
i. 5 '
the whole symmetric group.
The numbers
111
1> 2 , 6 , 24, ..... ....
form a system of generators for the additive group of rational nvunbers R, It
is easy to see that every infinite subset of this set is also a system of gen¬
erators for R, Moreover, we can show that the additive group of rational,
numbers R has no irreducible system of generators. Let M be any system of
generators belonging to R and let a £ M, Vie denote H the subgroup gener¬
ated by the set M*, consisting of all elements of M except a, M' ^ ^ , since
othervdse all rational numbers would be multiples of a, which is not true. Let
b £.M’, then it follows from the properties of rational numbers 3
ak, k>0'ii-ka = b
and hence b is contained in H,
1
( k ) a £. R
sa + h.
where s in ^ integer, and h £. H, Hence
a = s( ka ) + k h,
i , e , a is contained in H and hence
H = R.
The set M’ is a system of generators.
Every system of generators of a finitely generated group contains a finite
subsystem vhich is an irreducible systan of generators of the group
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Every subgroup of a finitely generated group is at most countable. However,
there are examples of finitely generated groups in wliich certain subgroups do
not have finite systoiis of generators, [ 8,70 3 •
Definition 4..-- An invariant subgroup of G is a subgroup H in which the
transform of any element of H by any element of G is then an element in H,
Definition 5.— The factor group of a group G by an invariant subgroup H
is the group, denoted by G/H, whose elements are the cosets of H, The unity
elemait of G/H is H and the product of the two cosets is the coset containing
a product of an element of one coset by an element of the other coset, the mul¬
tiplication being in the same order as that of the corresponding cosets. The
uniqueness of the product and the group properties of G/H are a consequence of
H being an invariant subgroup of G, '[7,320] .
Finitely Generated Groups.— Abelian groups that are finitely generated are
of particular interest because of their important role in various applications.
The abelian group with n generators is a factor group of order n, [6,58] . In
this section we shall denote this group by Un, We shall show that every sub¬
group of Un is a free abelian group and its order does not exceed n.
Definition 6.— A power-product of n group elements Aq^, A2, .... An, is
an expression of the form A^^ , vdiere the exponents may be
any integers.
Definition 7.— A basis of an abelian group is a finite system of generators
such that every element in the group has exactly one representation up to equi¬
valence as a power-prod\ict of these generators.
Definition 8.— The Cartesian product of two groups A and B is the set
= A X B or A + B, of all pairs (x, y) such that x £ A and y £ B,denoted by G
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If addition is defined for each of the groups A and B, then the same operation
can be defined for G by
7l) + (^2# 72) “ 7i + 72) •
This Cartesian product is known as the direct siun of the groups A and B,
Theorem 5.— Every subgroup of Un is a free group and its order does not
exceed n. Moreover, we can choose bases U^, U2, .... Un and V^, ....Vn
in V for which
Vi = €; Ui, i = 1, 2, ....k,
where £,, , .... ^ p are positive integers and ^ i + 1 is divisible by
^i, 1 1, 2, ...., k“ 1.
Proof: For n = 1, the truth follows immediately frcm theorem 1, Chapter 1,
Suppose the theorem holds for Un - 1. If a subgroup V as given in Un, then for
every choice of a basis for Un there corresponds uniquely a certain positive
integer, namely the smallest positive integer, that occurs as a coefficient in
the linear form with respect to this basis that constitutes the subgroup V,
This minimal positive coefficient may change, in general, with a change of basis
in Un. We now select a basis
ui, U2, ...., un £ Un (l)
for which this minimal coefficient assumes its smallest possible value. Let
^
1 “ minimal positive coefficient with respect to this
basis and let
V ^2'*" + ‘^nUn
be one of the elements of V for which the expression in terms of (l) contains ^e,
as one of the coefficients.
Divide each coefficient 2, ....n by :
18
2 ~ 1 o ri ^ ~ ....n
and transfom the basis (l) of Un by replacing by
Ut = Ui ^2 U, I3 + qn Un.
In the new bases
V V »
is expressed in the folloving way;
~ ^1 ^2 ^2 m Un.
Since all the ri, i = 2, n are non-negative and less than , it follows
from the choice of Sf that
r2 = r3 = = m = o
so that = ^1 ^1 *
We now collect all the elements of V, for vdiich the coefficients of U is
their representation in the new basis are equal to zero. These elements form
a subgroup V £ V whose intersection with the cyclic group generated by is
zero, now we want to show that the aim of f is
V = + ^82 Ug + .... + ^ Un
be an arbitrary element of V, If
= £, q + Tf o r <. € then
*
1 1 2
V3{v 1 v= V- qv^ = r u^ + .... + |Sh Un ]
which has coefficient of u^<. £; hence by the definition of €. we have r = o.
Therefore v * is contained in V’ and
V = qv^^ + v^
is the sum of the subgroups f sard V, If V* = 0, then ^ — [ and
the theorem is proved. But if V ^ 0, then we obtain a deccsoaposition of V
into the direct sum
+ VV
19
V’ U' »= U2> , Un vrtiich is a free group of rank n - 1 and is
therefore, by the induction hypothesis, free. Furthermore,
1
U2, .... Un U and V2, ..... vr V
for which k - 1 n - 1 and vi = i Ui where i and i + 1 is divisible
by i, 1 1, 2, ... , k “• 1.
We now know that V is a free group of rank k, k n. In order to prove
that the bases
Up U2/ ^ Un e. Un (2)
and
Vp V2 , Vk € V (3)
satisfy sill requirements of the theorem it only remains to be shown that e^is
divisible by
Let ^2 = ^ 1 9o + 1*0, 0 -ro £/.
Replacing U^ by
Ui = Ui - U2
we transfom th^ basis of (2),
The element
''a - Vi 6
with respect to this basis, is expressed in the form
’2 - ''1 - (
for which it follows, hy the choice of ^ that r^ = ^and 6 2 1® divisible
by ^ 3^.
o "^2
In connect! cn with Theorem 5 above, we have the following theorem:
Theorem 6«— Every finitely generated abelian group is the direct sum of
cyclic groups
20
From Theorem 6, it follows that every non-cyclic finitely generated abelian
m
group is decomposable. An infinite cyclic group and a cyclic group of order p ,
where p is a prime number are deccmposable into the direct svm of primary cyclic
groups.
The generating elements of the cyclic direct siuas in the deccmposition of
G into the direct sums of indeccmposable subgroups forms a basis of G,£ 8,62] •
CHAPTER III
SUMMARY AND CONCLUSION
The problem concerning the relationship of the generators of a group and
the order of the elements of the group is still an \insolved problem, even under
the restriction that the order of the elements of the group are bounded. The
number of elements in any cyclic group G is equal to the order of any generator
of G, Any two cyclic groups of the same order are isomorphic. The group of
symmetries of the squau:*e is not cyclic, but is generated by two elements of the
group.
The problem as to vdiether every finitely generated group is finite is
known as Burnside's problem, Burnside's problem has not yet been solved even
if the orders of the elements of the group are bounded. In the case where the
orders of all the elements other than the unity element are 2, the group is
finite since such a group is necessarily abelian, C6,56] ,
Burnside has also found an affirmative answer in the case in which the
oiniers of the elements are 3j and furthermore, for groups with two generators
in >4iich the orders of the elements are 4 or divisors of 4. The first case is
also studied in a paper by Levi and van der Waerden, [9^329-332] , B, H,
Neuman has found the solution for groups in which the orders of the elements
do not exceed 3, Finally, Sanov has proved Burnside's problem for groups with
an arbitrary finite number of generators, in which the orders of all the ele¬
ments do not exceed 4> [_10,107 J • However, even for groups with 2 generators
21
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in which the order of all the eloaents other than the vinity element are 5> the
problem remains open. Note that such groups are factor groups with two genera¬
tors.
Attempts have been made to give upper estimates for the orders of the
finite factor groups, but they have not yet led to a definite result. Saner
has proved that for an affirmative solution of B^lmside's problem, in the case
of bounded orders, a solution for groups with two generators is sufficient,
[ 6,56 ■] .
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